We study collisions of two, three, and four kinks of the double sine-Gordon model. The initial conditions are taken in a special form in order to provide collision of all kinks in one point. We obtain dependences of the maximal energy densities on the model parameter. We also analyze the final states observed in these collisions.
I. INTRODUCTION
Interactions of kinks -solutions of the type of solitary waves of non-integrable fieldtheoretical models in (1+1)-dimensional space-time -are of growing interest [1] [2] [3] [4] . Great amount of important results has been obtained recently for the kink-(anti)kink scattering [5] [6] [7] [8] [9] [10] [11] [12] . In many cases rather non-trivial picture of interaction has been observed. In particular, it was found that the collision of kink and antikink crucially depends on the initial velocity v in (in the numerical experiments kink and antikink are initially placed at large distance from each other and are moving towards each other with the initial velocities v in in the laboratory frame of reference). There is a critical value of the initial velocity v cr , which separates two different regimes of the collision. At v in > v cr inelastic reflection of kinks (or passing through each other, if the model allows such process) is observed. At v in < v cr after the collision the kink and antikink form a long-living bound state -a bion -which decays slowly radiating energy in the form of small waves. Besides, in some models at v in < v cr an interesting phenomenon was found -so-called escape windows. Escape windows are intervals of the initial velocity, at which kinks do not form a bion, but escape from each other after two or more collisions. The cause of this phenomenon is the resonance energy exchange between translational and vibrational modes of the kink (antikink), see, e.g., Refs. [13] [14] [15] . In some models the kinetic energy of the kinks can be stored in vibrational modes of the system "kink+antikink" [16] [17] [18] [19] .
Another very interesting subject that should be mentioned here is interactions of kinks having power-law tails, see, e.g., Refs. [18] [19] [20] [21] [22] [23] [24] [25] [26] . Such kinks arise in various models with both polynomial and non-polynomial potentials. The power-law asymptotics ("fat tails") of kinks result in their long-range interaction, i.e. the kinks feel each other at very large distances.
As a result, the traditionally used initial conditions in the form of superposition of kink and antikink seem to be not valid for simulation of the kink-antikink scattering [22] .
The interactions of kinks are studied both numerically and analytically. On the one hand, the scattering processes can be simulated directly by using the numerical methods of solving equations of motion -partial differential equations of second order. On the other hand, there are analytical approximate methods which allow to estimate forces between kink and (anti)kink. These are (i) the collective coordinate approximation [5, 27, 28] and (ii) Manton's method [3, Ch. 5], [29] [30] [31] [32] .
It is worth to mention that kink-like solutions can also be obtained in more complicated models with two or more scalar fields [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] . In particular, in [33, 34, 37, [43] [44] [45] [46] [47] the models with two real scalar fields with polynomial potentials have been studied. In [48] [49] [50] [51] [52] [53] [54] configurations of the type of domain wall with additional fields localized on it were investigated.
Many important results have also been obtained for non-topological field configurationslumps, Q-balls, etc. [55] [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] [71] .
Kinks, domain walls and other topological defects arise in a great amount of models, hence they are very important for various physical applications from condensed matter to high energy physics and cosmology [72] [73] [74] [75] [76] [77] [78] [79] , see also [2] . Many physical phenomena could be effectively described by one-dimensional topological structures. For example, a three-dimensional domain wall in the direction perpendicular to it can be viewed as a one-dimensional topological field configuration -kink connecting two different vacua of the model. At the same time, the case of 1 + 1-dimensional space-time structure can be investigated more easily compared to 2 + 1 or 3 + 1 dimensions.
The processes of collision of several kinks in one point (with extracting maximal energy densities) have been actively investigated over the last few years [80] [81] [82] [83] [84] . Such processes are of interest for numerous applications. Being topological defects, the kinks bear significant amount of energy. As a result, simultaneous collision of several kinks (antikinks) in one point can lead to formation of spatial domains with high energy density. The authors of Ref. [84] have shown that with knowing maximal energy densities in collision of N kinks one can predict how many kink-antikink pairs can be produced in particle collisions.
This study deals with the collisions of several kinks of the double sine-Gordon (DSG) model in one point. This model has been actively studied due to its numerous applications, see, e.g., [10, 16, 85, 86] and references therein. Note that the subject of multi-kink collisions is very vast. The number of parameters that could be changed is very large. These are, in particular, the model parameter R, the initial velocities and the initial positions of kinks. In this paper we study collisions of two three and four kinks in one point (in a small spatial region). We focus on the dependences of maximal energy densities on the model parameter R. In collisions of four kinks (two kinks and two antikinks, to be more accurate)
we investigate how the final configurations depend on R. In our numerical simulations we use fixed initial positions and initial velocities of kinks.
Our paper is organized as follows. In Sect. II we recall the main features of the DSG model, write down its kinks, and discuss their main properties. Section III presents the results of the numerical simulations of multi-kink collisions. We conclude with summarizing in Sect. IV, where we also formulate some possible directions for further research.
II. DOUBLE SINE-GORDON MODEL
Within the (1 + 1)-dimensional double sine-Gordon model the dynamics of the real scalar field φ(x, t) is described by the Lagrangian density
where the potential V (φ) is non-negative function of the field. From the Lagrangian (1) one can obtain the equation of motion for the field φ(x, t):
Below we simulate multi-kink scattering by solving this equation numerically.
In literature there are various modifications and parameterizations of the potential, which all can be called "double sine-Gordon potential". We will use the so-called Rparameterization, see, e.g., Refs. [10, 16, 85] . In this parameterization the DSG potential is:
In Fig. 1 we show (a) this potential for some values of the parameter and (b) the Rdependence of the coefficients in front of (1 − cos φ) and 1 + cos φ 2 , which are responsible for the "mixing" of φ-and φ 2 -sine-Gordon potentials. Depending on R, the potential (3) looks different. In particular,
The double sine-Gordon model has static topological solution -kink (antikink): Notice that for better understanding of many processes in kinks collisions the following fact could be important: the DSG kink (antikink) (5) can be interpreted as a superposition of two sine-Gordon solitons:
where φ SGK (x) = 4 arctan exp(x)
is the sine-Gordon kink (soliton). Thus the DSG kink can be viewed as a superposition of two sine-Gordon kinks, which are separated by the distance 2R (if the DSG kink is centered at x = 0 then the two sine-Gordon solitons are centered at x = ±R), see Fig. 2 . Due to the Lorentz invariance, the kink (antikink) moving along the x-axis with the velocity v can be obtained by the Lorentz boost:
The energy functional which corresponds to the Lagrangian (1) reads The total energy (9) can be split into three parts: (i) the kinetic energy K, (ii) the gradient energy U , and (iii) the potential energy P :
According to this, the integrand in (9), i.e. the total energy density ε(x, t), can be written
where
are (i) the kinetic energy density, (ii) the gradient energy density, and (iii) the potential energy density, respectively.
In the case of one moving kink φ k (x, t) we have:
Integrating the total energy density with respect to x, we obtain the total energy of the moving kink:
is the mass of kink, i.e. the energy of the static DSG kink.
In the next section we present the results of the numerical simulation of collisions of two, three and four DSG kinks in the same point. We find the maximal (over the spatial coordinate x and time t) values of the energy densities mentioned above: kinetic, gradient, potential and total. Note that for one moving kink the maximal values can be obtained analytically. Depending on the parameter R, they are the following:
at R ≤ arsinh 1, and
at R ≥ arsinh 1.
III. MULTI-KINK SCATTERING
We studied the collisions of two kinks (a kink and an antikink), three kinks (two kinks and an antikink), and four kinks (two kinks and two antikinks) at one point. Our main goal was to obtain R-dependences of the maximal values of the energy densities -kinetic, gradient, potential and total. To do this, we numerically solved the discretized version of the equation of motion (2),
using Störmer method of integration. Here h = 0.025 is the space step, n = 0, ±1, ±2, ... and φ n (t) = φ(nh, t). The second derivative of the field φ with respect to x, φ xx , is discretized with the accuracy O(h 4 ). In our numerical experiments we used the range −375 ≤ x ≤ 375.
Integration with respect to time was performed with the step τ = 0.005. We used 0 ≤ t ≤ 500
for searching maximal energy densities over x and t.
The initial conditions for each case (collisions of two, three and four kinks) will be written below. In the case of collisions of three and four kinks, the initial conditions were fit in such a way that the kinks collided in one point.
From the point of view of physical applications, the energy distribution in collision of two or several kinks is of great importance. The point is that a kink is a topological defect, which describes, for example, a planar domain wall or another formation ("defect") in a real physical system. The kinks collision thus represents mathematical model of collision of such defects, and the energy densities show space-time distribution of energy.
A. Kink-antikink scattering
First of all, note that collisions of the DSG kink and antikink have been studied in detail in recent paper [10] . An interesting phenomenon was found -oscillons in the final state.
Besides, the dependence of the critical velocity v cr on R obtained in [10] was somewhat different from that presented in classical paper [85] . We think that a series of local maxima of the dependence v cr (R) observed in [10] is a consequence of more detailed investigation of appropriate range of the initial velocities of the colliding kinks.
Unlike the previous works [10, 16, 85] , we focus on study of maximal energy densities in collisions of the kink and antikink at the initial velocity v in = 0.1 and various R. To do this we used the initial condition in the form of the kink and antikink, which are initially placed at x = −x 0 and x = +x 0 and moving towards each other with the velocities v = +v in and v = −v in , respectively,
where φ k(k) (x) is defined by Eq. (5) with n = 0. This initial configuration is shown in Fig. 3(a) . In our simulations we used x 0 = 25 and v in = 0.1. Space-time picture of the collision for some selected values of R is shown in Fig. 4 .
We performed numerical simulation of the kink-antikink collisions within a wide range of the parameter R. We have obtained the dependences of the maximal energy densities on the parameter R, see Fig. 5 . These dependences are rather complicated. At R < ∼ 0.5 and R > ∼ 2.5 we see smooth and monotonously decreasing curves. At the same time, within the range 0.5 < ∼ R < ∼ 2.5 the dependences look quite stochastic. The observed difference in behavior of the maximal energy densities at various R could be a consequence of different character of kink-antikink interaction at given initial conditions. In particular, depending on the parameter R, the initial velocity v in = 0.1 can be either less or more than the critical value v cr . The point is that the critical velocity depends on R in a complicated way [10] . Analyzing the dependence v cr (R) which is presented in Fig. 6 of Ref. [10] , we can see that the initial velocity v in = 0.1 is less than the critical in the range 0.5 < ∼ R < ∼ 2.5. Thus complicated and almost stochastic behavior of the maximal energy densities is observed for those R's at which the kinks form a bound state, i.e., a bion. On the other hand, at those R's at which the kinks escape from each other after a collision, the smooth and monotonous dependences are observed. We can assume that the complicated dependences of the maximal energy densities on R can be a consequence of complex resonance processes in bion. As a result, energy is redistributed that leads to abrupt changes of the maximal energy densities.
Another interesting fact is the presence of smooth and monotonous segments of the maximal energy densities in the range 1.5 < ∼ R < ∼ 1.6, see Fig. 5 . We can assume that it is a consequence of the fact that at these R's the bound state of kinks evolves different. The 
B. Collision of two kinks and an antikink
We performed numerical simulation of the collision of three DSG kinks in one point. We used the following initial configuration:
where φ k(k) (x) is defined by Eq. (5) with n = 0. This initial condition corresponds to two kinks and an antikink. The antikink is at rest at the origin x = 0, and two kinks are moving towards the antikink with the initial velocities v = +v in and v = −v in , starting from x = −x 0 and x = +x 0 , respectively. This initial configuration is shown in Fig. 3(b) .
In our simulations we used x 0 = 25 and v in = 0.1. Space-time picture of the collision for some selected values of R is shown in Fig. 7 . The interaction of three kinks looks rather complicated. In particular, in a pair "kink+antikink" resonance interaction can occur. This We have obtained the dependencies of the maximal energy densities on the parameter R, see Fig. 8 . The maximal potential energy density is monotonously decreasing, while the maximal kinetic, gradient and total energy densities behave in a complicated way, thereby reflecting complex interaction of the three colliding kinks.
Note that in the range 1.7 < ∼ R < ∼ 2.1 we see a smooth and monotonous segments of the maximal energy densities. We can assume that in this range of R the field evolution is somewhat different. Actually, from Fig. 9 we see that at these R's two escaping oscillons in the final state are formed right after the kinks collision. At the same time, at R < ∼ 1.7 and R > ∼ 2.1 the escape of oscillons occur after some time during which the oscillons remain bound.
C. Collision of two kinks and two antikinks
Finally, we studied the collision of four DSG kinks in one point. To do this, we used the initial configuration of the form of
where φ k(k) (x) is defined by Eq. (5) with n = 0. The initial configuration (21) corresponds to two kinks and two antikinks moving to the collision point, see Fig. 3(c) . We used the is why we did not study the energy densities here but briefly summarized the observed final states.
IV. DISCUSSION AND CONCLUSION
We have studied collisions of several kinks of the double sine-Gordon model in one point (in a small spatial region). We have performed numerical simulations of (a) collisions of a kink and an antikink, (b) collisions of two kinks and an antikink in one point, (c) collisions of two kinks and two antikinks in one point.
Collisions of two kinks (i.e. kink-antikink scattering) are thoroughly investigated in literature [10, 16, 85] . In this paper we focused on energy distributions in the kink-antikink collisions at various values of the parameter R. We have obtained R-dependences of the maximal (over x and t) kinetic, gradient, potential and total energy densities, Fig. 5 . The maximal kinetic, gradient and total energy densities behave rather stochastic at 0.5 < ∼ R < ∼ 2.5, while at R < ∼ 0.5 and R > ∼ 2.5 smooth and monotonous segments are observed. We suppose that such behavior could be a consequence of the fact that the initial velocity of the kinks v in = 0.1 is less than the critical velocity v cr , see [10] . This, in turn, leads to kinks' capture and formation of a bion. Energy redistribution in a bion is complicated and can be viewed as chaotic. At the same time, at R < ∼ 0.5 and R > ∼ 2.5 we have v in > v cr , and colliding kinks bounce off each other after the first impact. In this case the complex energy redistribution does not take place, and R-dependences of the maximal energy densities are smooth and monotonous.
Besides, at 1.5 < ∼ R < ∼ 1.6 we also observed small smooth and monotonous segments of the maximal energy densities in Fig. 5 . In this range of the parameter, unlike other close values of R, in the final state we have two escaping oscillons formed after two oscillations of the kink-antikink bound state.
In three kinks collisions (in collisions of two kinks and an antikink) we observed various final states, in particular, similar to excited kink (R = 0.5, Fig. 7(a) ), to excited kink and escaping oscillons (R = 1.0, 1.5, 2.0, 2.5, Figs. 7(b)-7(e)), and two escaping kinks and an antikink at rest (R = 3.0, Fig. 7(f) ). The maximal kinetic, gradient and total energy densities behave stochastic. At the same time, within the range 1.7 < ∼ R < ∼ 2.1 we observed smooth and monotonous segments of the curves. We found that it could be a consequence of the formation of two escaping oscillons in the final state right after the kinks collision. So we see a vast variety of final states in collisions of more than two kinks. Moreover, the behavior of the maximal energy densities strongly depends on oscillating structures being formed in the final state.
In conclusion, we would like to mention the following issues which are beyond the scope of our paper, nevertheless, in our opinion, could become subject to future work.
• First, the multi-kink scattering within the field-theoretic models with polynomial potentials of 8th or higher degrees. As we have already mentioned in the Introduction, such models can have kinks with long-range interaction between them due to the kinks' power-law tails. This long-range interaction could lead to new collective phenomena in multi-kink systems.
• Second, the multi-kink scattering within models with non-polynomial potentials, e.g., sinh-deformed ϕ 4 or ϕ 6 , could be of interest, and will be studied in a separate publication.
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